Prefa ce
As Sir Arthur Conan Doyle would have put it, so elementary a form of literature as the textbook on financial economics hardly deserves the dignity of a preface. It is possible though, to bring some instant clarity to the purpose of such a book if we open with a few words here.
In my book The Bond and Money Markets, I try to explain, from first principles, just how important the global debt market is, and describe the various participants that interact with each other in this market. Given the importance of the global bond market, one can never learn too much about it. However, this is not a book about the bond market, rather it is about a very specific, and important part of the bond markets. In developed markets, as well as a fair number of developing ones, there is usually a large number of bonds trading at one time, at different yields and with varying terms to maturity. Investors and traders closely examine the relationship between the yields on bonds that are in the same class. Plotting yields of bonds that differ only in their term to maturity, produces what is known as the yield curve.
The yield curve represents the bond market. It is sometimes referred to as the term structure of interest rates, but as we shall see later in this book, this expression refers to only one specific type of yield curve. There are lots of different yield curves. We shall examine them all in detail later.
Much of the analysis and pricing activity that takes place in the bond market revolves around the yield curve. The primary yield curve in any domestic capital market is the government bond yield curve, so for example in the US market it is the US Treasury yield curve. In this book we focus mainly, but not exclusively, on the government bond yield curve. Because the author spent over 5 years as a UK government bond trader (or gilt-edged market-maker), most of the examples are from the gilt market. However, the principles remain the same across all markets. It is the importance of the yield curve to just about every aspect of finance that has been the motivation behind writing this book. Our objective is to:
• describe what the yield curve is;
• explain what it tells us;
• explain why it assumes certain shapes;
• show how we can use it;
• introduce how it is modeled;
• show how it is "fitted" from market rates.
ix In order to set the scene, we begin with some basic description of bonds and bond mathematics. We assume a basic knowledge and familiarity with bonds and market institutions, and concentrate on the yield curve. It is an arcane, specialist topic but well worth getting familiar with. We explain term structure theory, describe the most popular mathematical approaches used to model the yield curve, and show how to fit the yield curve using econometric techniques. This knowledge is of great use to just about anyone involved in the bond markets-traders, bond salespersons, fund managers, research analysts, issuers of bonds-in fact issuers, investors and all the middlemen in between. Investors in the equity markets can also benefit from an understanding of the yield curve, as it enables them to gain a better insight into market sentiment.
We must necessarily be quite focused and specialist in our discussion of the yield curve. Hopefully the more technical material is presented in good order so that it remains accessible. There are numerous textbooks available for the complete beginner, which are recommended in the reading lists at the end of each chapter, along with further reading.
Layout of the Book
This book is organized into thirteen chapters. They are structured in four parts, covering:
• the concept of bond yield and spot and forward rates;
• interest rate models;
• fitting the yield curve using spline techniques;
• yield curve relative-value trading.
At each stage we reference the most important literature and also provide necessary background in appendices. A more technical background can be found in the relevant readings noted at the end of each chapter.
Website
Research on the debt capital markets may be downloaded from the dedicated fixed income website at www. YieldCurve.com This site also lists details of other books and articles written by Moorad Choudhry and YieldCurve.com associates.
x for me who "'as been reading and learning from his books for some time now.
A In Part I we introduce the concept of bond yields using traditional analysis. We assume that most readers will already have a good grounding in the concepts of net present value and internal rate of return. We then describe the yield curve itself. The bulk of the discussion is in Chapter 2, which looks at the different types of yield curve and, more importantly, introduces the main theories of the yield curve.
We also look at interpreting the curve. The language is non specialist and should be accessible to anyone with an involvement in the bond markets. This is followed by a discussion on spot and forward rates, and the derivation of such rates from market yields.
Yield curve analysis and the modeling of the term structure of interest rates is one of the most heavily researched areas of financial economics. The treatment here and in the rest of the book is kept as concise as possible, which sacrifices some detail, but bibliographies at the end of each chapter will direct interested readers on to what the author feels are the most accessible and readable references in this area.
CHAPTE R

1
Bond Yield Measurement
In the Preface to this book, we noted the importance of the yield curve to an understanding of the bond markets. But before we discuss the yield curve, we must be familiar with the concept of bond yields and bond yield measurement. So in this chapter, we will introduce this subject for beginners.
From an elementary understanding of financial arithmetic we will know how to calculate the price of a bond using an appropriate discount rate known as the bond's yield. This is the same as calculating a net present value of the bond's cash flows at the selected discount rate. We can reverse this procedure to find the yield of a bond where the price is known, which is equivalent to calculating the bond's internal rate of return (lRR). There is no equation for this calculation and a solution is obtained using numerical iteration. The IRR calculation is taken to be a bond's yield to maturity or redemption yield and is one of various yield measures used in the markets to estimate the return generated from holding a bond. In this chapter, we will consider these various measures as they apply to plain vanilla bonds.
In most markets, bonds are generally traded on the basis of their prices but because of the complicated patterns of cash flows that different bonds can have, they are generally compared in terms of their yields. This means that a market-maker will usually quote a two-way price at which he will buy or sell a particular bond, but it is the yield at which the bond is trading that is important to the market-maker's customer. This is because a bond's price does not actually tell us anything useful about what we are getting. Remember that in any market there will be a number of bonds with different issuers, coupons and terms to maturity. Even in a homogeneous market such as the UK government bond (gilt) market, different gilts trade according to their own specific characteristics. To compare bonds in the market, therefore, we need the yield on any bond and it is yields that we compare, not prices. A fund manager who is quoted a price at which he can buy a bond is instantly aware of what yield that price represents, and whether this yield represents fair value.
So it is the yield represented by the price that is the important figure for bond traders. We can illustrate this by showing the gilts prices from a newspaper, reproduced below. Figure 1 .1 is an extract from the Financial Times as at 9 June 2003 and shows both prices and yields of UK gilts. It allows us to compare returns from different bonds. If it listed only prices for stocks it would be useful only to, say, private investors who have purchased stock at a certain price and now wish to see where it is trading-it does not allow us to compare returns from the different bonds listed. Note from Figure 1 .1 that the Financial Times extract also shows us the yield spread to the zero-coupon curve, and the yields of three gilt strips, which are zero coupon gilts. Comparing the spread of gilt yields to the zero-coupon curves enables us to see where theoretical fair value of a coupon bond lies. We will discuss this concept in greater detail later in the book.
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Price C
. The yield on any investment is the interest rate that will make the present value of the cash flows from the investment equal to the initial cost (price) of the investment. Mathematically, the yield on any investment, represented by r, is the interest rate that satisfies equation (1.1):
p= f Cn n= 1 (1 + r t where Cn is the cash flow in year n; P is the price of the investment; n is the number of years.
(1.1)
The yield calculated from this relationship is the internal rate of return.
But as we have noted, there are other types of yield measure used in the market for different purposes. The most important of these are bond redemption yields, spot rates and forward rates We will now discuss each type of yield measure and show how they are computed, followed by a discussion of the relative usefulness of each measure.
Current Yield
The simplest measure of the yield on a bond is the current yield, also known as the flat yield, interest yield or running yield. The running yield is given by (1.2):
where;
C is the bond coupon; rc is the current yield; rc = C X 100 P P is the clean price of the bond.
.2)
In (1.2) C is not expressed as a decimal. Current yield ignores any capital gain or loss that might arise from holding and trading a bond and does not consider the time value of money. It essentially calculates the bond coupon income as a proportion of the price paid for the bond, and to be accurate would have to assume that the bond was more like an annuity rather than a fixed-term instrument. It is not really an "interest rate", though.
The current yield is useful as a "rough-and-ready" interest rate calculation. It is often used to estimate the cost of or profit from a short-term holding of a bond. For example, if other short-term interest rates such as the one-week or three-month rates are higher than the current yield, holding the bond is said to involve a running cost. This is also known as negative carry or negative fu nding. The term is used by bond traders and market-makers and leveraged investors. The carry on a bond is a useful measure for all market practitioners as it illustrates the cost of holding or funding a bond.
The fu nding rate is the bondholder's short-term cost of funds. A private investor could also apply this to a short-term holding of bonds.
EXAMPLE 1.1 Running yield
A bond with a coupon of 6% is trading at a clean price of 97 . 8 9.
What is the current yield of the bond? rc = 6 . 00 X 100 = 6.129%
98.76
What is the current yield of a bond with 7% coupon and a clean price of 103.49? 7 rc = --X 100 = 6.76%
103.49
Note from the above that the current yield of a bond will lie above the coupon rate if the price of the bond is below par, and vice versa if the price is above par.
Mr. Badur buys a bond with coupon of 10% at a price of 110.79, with funds borrowed at 8.75% via a special-rate credit card offer and holds the bond for three months. Has he made money during the course of the investment (ignoring transaction costs)?
The running yield on the bond is 9.026%, while Badur has paid interest on his borrowed funds at 8 .75%. Therefore he has earned approximately 0.276% net carry or funding return on his investment, ignoring any capital gain or loss he may have suffered when he sold the bond.
Simple Yield to Maturity
The simple yield to maturity makes up for some of the shortcomings of the current yield measure by taking into account capital gains or losses. The assumption made is that the capital gain or loss occurs evenly over the remaining life of the bond. The resulting formula is: where; P is the clean price;
Chapter 1 Bond Yield Measurement C 100 -P rs =-+ ---P nP rs is the simple yield to maturity; n is the number of years to maturity.
(
1.3)
For the bond discussed in Example 1.1 and assuming n = 5 years: rs = 6.00 + 1 00 -97.89 = 0.061 29 + 0.00431 = 6.560% 97.89 5 X 97.89
The simple yield measure is useful for rough-and-ready calculations. However its main drawback is that it does not take into account compound interest or the time value of money. Any capital gain or loss resulting is amortized equally over the remaining years to maturity. In reality, as bond coupons are paid they can be reinvested, and hence interest can be earned. This increases the overall return from holding the bond. As such, the simple yield measure is not overly useful and it is not commonly encountered in say, the gilt market. However it is often the main measure used in the Japanese government bond market.
Yield to Maturity
Ca lcu lating bond yield to maturity
The yield to maturity (YTM) or gross redemption yield is the most frequently used measure of return from holding a bond. 1 Yield to maturity takes into account the pattern of coupon payments, the bond's tenn to maturity and the capital gain (or loss) arising over the remaining life of the bond. These elements are all related and are important components determining a bond's price. If we set the IRR for a set of cash flows to be the rate that applies from a start-date to an end-date we can assume the IRR to be the YTM for those cash flows. The YTM therefore is equivalent to the internal rate of return on the bond, the rate that equates the value of the discounted cash flows on the bond to its current price. The calculation assumes that the bond is held until maturity and therefore it is the cash flows I In this book the terms yield to maturity and gross redemption yield are used synonymously. The latter term is common in sterling markets.
to maturity that are discounted in the calculation. It also employs the concept of the time value of money.
As we would expect, the formula for YTM is essentially that for calculating the price of a bond. For a bond paying annual coupons, the YTM is calculated by solving equation (1.4) , and we assume that the first coupon will be paid exactly one interest period now (which, for an annual coupon bond is exactly one year from now).
P d is the bond dirty price; M is the par or redemption payment (100); n the number of interest periods;
C is the coupon rate;
rm is the annual yield to maturity (the YTM).
Note that the number of interest periods in an annual coupon bond is equal to the number of years to maturity, and so for these bonds n is equal to the number of years to maturity.
We can simplify (1.4) using I:
Note that the expression at (1.5) has two variable parameters, the price P d and yield rm . It cannot be rearranged to solve for yield rm explicitly and must be solved using numerical iteration. The process involves estimating a value for rm and calculating the price associated with the estimated yield. If the calculated price is higher than the price of the bond at the time, the yield estimate is lower than the actual yield, and so it must be adjusted until it converges to the level that corresponds with the bond price. 2
For YTM for a semi-annual coupon bond, we have to adjust the formula to allow for the semi-annual payments. Equation (1.5) is modified as shown by (1.6) again assuming there are precisely six months to the next coupon payment:
2 Bloomberg ® also uses the term yield-to-workout where "workout" refers to the maturity date for the bond.
where n is the now the number of interest periods in the life of the bond and therefore equal to the number of years to maturity multiplied by 2.
For yield calculations carried out by hand ("long-hand"), we can simplify (1.5) and (1.6) to reduce the amount of arithmetic. For a semi annual coupon bond with an actua1l365 day-base count, (1.6) can be written out long-hand and rearranged to give us (1.7):
is the dirty price of the bond;
rm is the yield to maturity;
Nrc is the number of days between the current date and the next coupon date;
n is the number of coupon payments before redemption. If T is the number of complete years before redemption, then n = 2T if there is an even number of coupon payments before redemption, and n = 2T + 1 if there is an odd number of coupon payments before redemption.
All the YTM equations above use rm to discount a bond's cash flows back to the next coupon payment and then discount the value at that date back to the date of the calculation. In other words rm is the internal rate of return (IRR) that equates the value of the discounted cash flows on the bond to the current dirty price of the bond (at the current date). The internal rate of return is the discount rate, which, if applied to all of the cash flows, solves for a number that is equal to the dirty price of the bond (its present value). By assuming that this rate will be unchanged for the reinvestment of all the coupon cash flows, and that the instrument will be held to maturity, the IRR can then be seen as the yield to maturity. In effect both measures are identical-the assumption of uniform reinvestment rate allows us to calculate the IRR as equivalent to the redemption yield. It is common for the IRR measure to be used by corporate financiers for project appraisal, while the redemption yield measure is used in bond markets. The solution to the equation for rm cannot be found analytically and has to be solved through numerical iteration, that is, by estimating the yield from two trial values for rm, then solving by using the formula for linear interpolation. It is more common nowadays to use a spreadsheet programme or a programmable calculator such as the Hewlett-Packard calculator.
For the equation at (1.7) we have altered the exponent used to raise the power of the discount rate in the first part of the formula to N/ 182.5. This is a special case and is only applicable to bonds with an actual/365 day count base. The YTM in this case is sometimes referred to as the consortium yield, which is a redemption yield that assumes exactly 182.5 days between each semi-annual coupon date. As most developed-country bond markets now use actual/actual day bases, it is not common to encounter the consortium yield equation.
Yield to maturity for semi-annual coupon bond
• A semi-annual paying bond has a dirty price of £98.50, an annual coupon of 6% and there is exactly one year before maturity. The bond therefore has three remaining cash flows, comprising of two coupon payments of £3 each and a redemption payment of £100. Equation (1.7) can be used with the following inputs:
98.50 = 3.00
Note that we use half of the YTM value rm because this is a semi-annual paying bond. The expression above is a quadratic equation, which is solved using the standard solution for quadratic equations, which is noted below.
In our expression, if we let x = (1 + m12) we can rearrange the expression as follows:
9.8.SQx2 -3.00x -103.00 = O.
We then solve for a standard quadratic equation, and as such there will be two solutions, only one of which gives a positive redemption yield. The positive solution is rm12 = 0.037929, so that rm = 7.5859%.
As an example of the iterative solution method, suppose that we start with a trial value for rm of rl = 7% and insert this into the right-hand side of equation (1 . 7). This gives a value for the right-hand side of RHS1 = 99.05 which is higher than the left-hand side (LHS = 98.50). The trial value for rm was therefore too low. Suppose that we then try r2 = 8% and use this as the right-hand side of the equation. This gives RHS2 = 98.114 which is lower than the LHS. Because RHS1 and RHS2 lie on either side of the LHS value, we know that the correct value for rm lies between 7% and 8%. Using the formula for linear interpolation: our linear approximation for the redemption yield is rm = 7.587%, which is near the exact solution.
EXAMPLE 1.3
• We wish to calculate the gross redemption yield for the bond in Example 1.1. If we assume that the analysis is performed with precisely five years to maturity, with a settlement date of 3 August 1999 and that it is a semi-annual coupon bond, the bond will comprise cash flows of ten coupon payments of £3 every six months and a redemption payment of £ 1 00 five years from now. In order to calculate the redemption yield rm long-hand, we need to try different trial levels for the discount rate rm until we obtain the cash flows' present value total of 97.89. We know that the YTM must be greater than the coupon rate of 6% because the bond is trading at a price below par. In the table below, we use different trial values for rm until we reach the semi-annual discount rate of 3.25%, which is equal to a YTM of 6.50%. In practice, we would have obtained two rates that gave present value totals above and below the price of97.89 and then used the fo rmula for numerical iteration to solve for rm. n is the number of interest periods during the life of the bond.
• Present value of coupon payments:
For annual coupon bonds For semi-annual coupon bonds
• Present value of redemption payment:
For annual coupon bonds For semi-annual coupon bonds.
M( (I + (r� I 2»/1 )
Note that the redemption yield as discussed in this section is the gross redemption yield, the yield that results from payment of coupons without deduction of any withholding tax. The net redemption yield is obtained by mUltiplying the coupon rate C by (1 -marginal tax rate). The net yield is what will be received if the bond is traded in a market where bonds pay coupon net, which means net of a withholding tax. The net redemption yield is always lower than the gross redemption yield.
Using the redemption yield ca lculation
We have already alluded to the key assumption behind the YTM calculation, namely that the rate rm remains stable for the entire period of the life of the bond. By assuming the same yield, we can say that all coupons are reinvested at the same yield rm. For the bond in Example 1.3 this means that if all the cash flows are discounted at 6.5% they will have a total present value or NPV of 97.89. At the same time, if all the cash flows received during the life of the bond are reinvested at 6.5% until the maturity of the bond, the final redemption yield will be 6.5%. This is unrealistic since we can predict with virtual certainty that interest rates for instruments of similar maturity to the bond at each coupon date will not remain at 6.5% for five years. In practice, however, investors require a rate of return that is equivalent to the price that they are paying for a bond and the redemption yield is, to put it simply, as good a measurement as any. A more accurate measurement might be to calculate present values of future cash flows using the discount rate that is equal to the market's view on where interest rates will be at that point, known as the forward interest rate. However forward rates are implied interest rates, and a YTM measurement calculated using forward rates can be as speculative as one calculated using the conventional formula. This is because the actual market interest rate at any time is invariably different from the rate implied earlier in the forward markets. Therefore a YTM calculation made using forward rates would not be realized in practice either? We shall see later in this chapter how the zero coupon interest rate is the true interest rate for any term to maturity, however the YTM is, despite the limitations presented by its assumptions, still the main measure of return used in the markets.
EXAMPLE 1.4 Comparing the different yield measures
The examples in this section illustrate a fi ve-year bond with a coupon of 6% trading at a price of 97.89. Using the three common measures of return we have:
Running yield = 6.1 29% Simple yield = 6.560% Redemption yield = 6.50%
The different yield measures are illustrated graphically in Figure 1 .2 below.
3 However. such an approach is used to price interest rate swaps. 
Ca lculating redemption yield between coupon payments
The yield fonnula (1.4) can be used whenever the settlement date for the bond falls on a coupon date, so that there is precisely one interest period to the next coupon date. If the settlement date falls in between coupon dates, the same price/yield relationship holds and the YTM is the interest rate that equates the NPV of the bond's cash flows with its dirty price. However the formula is adjusted to allow for the uneven interest period, and this is given by . number of days between the settlement date and the next coupon date W IS number of days in the interest period and n is the number of coupon payments remaining in the life of bond. The other parameters are as before. As before the fonnula can be shortened as given by (1.9):
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